M.S. Course, 1997 Entrance Examination, Test I

. Show that no group of order 1996 is simple. (5pts)

. Let A = (a;;) be an n x n matrix such that

n
E Qij = 1
j=1

for all i =1,2,...,n. Show that A has an eigenvalue 1. (5pts)

. A commutative ring with 1 having a unique maximal ideal is called a local
ring. Prove that a nonzero homomorphic image of a local ring is again a
local ring. (5pts)

. Let F be a field and let f(z) € F[z] be a non-constant polynomial. Prove
that there exist an extension field E of F and an a € E such that f(a) = 0.

(5pts)
. Suppose that a C2-function f : R — R satisfies
@)+ f'(x) —e"f(z) >0, z€eR
Show that f cannot have a nonnegative maximum unless f = 0. (7pts)

. Let 0 < p < 00, € > 0 be given. For every measurable function f : R — R,
show that

1
pla €R: @) 2 ¢} < 5 [ If@)Pduto),
where p is the Lebesgue measure. (6pts)

. How many roots of the equation 2z* — 62 + 3 = 0 have in the annulus
1 < |z| < 2? Justify your answer. (6pts)

. Let P(z) be a polynomial and C = {z : |z — a| = r}, where r > 0. Prove

/ P(2)dz = —2rir®P'(a). (6pts)
C

X(t)= (coszt s1n§t ;1 ) (0<t<2m)
o] z} Ao A FE k(t)9} m Y E(torsion) 7(t)E F38ta, &7

for ot

£ Al sle}. (6pts)



10.

11.

12.

FY T<p< T, 0<0< 2ol Hoj= T

IE

X (¢, 0) = (sinpcos,sin psin b, cos p)

o ylo| & F3te}. (6pts)

Prove the tube lemma:

Consider the product space X x Y where Y is compact. If N is an open
subset of X x Y containing the slice {zo} XY of X x Y, then N contains
some tube W x Y about {zo} x Y where W is a neighborhood of z¢ in X.

Let X be the open cube in the euclidean 3-space R® given by |z| < 2,
ly| < 2, |2| < 2 removed with two disjoint lines I; given by y = z = 0 and
I3 given by x =0 and y = 1. Compute the fundamental group of X.
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. Let G be a finite group and let P be its Sylow p-subgroup. Prove that
Ng(Ng(P)) = Ng(P), where Ng(P) is the normalizer of P in G. (10pts)
Let F =T, be the field of ¢ elements, where g is a prime power. Prove :

H a=-1

a€FX*

where F'* denotes the set of all non-zero elements of F. (10pts)

Forx €e Randn=1,2,..., define
n _ 1 _
fn(iﬂ):Z(—l)k lmeM . (10pts)

k=1

the interval [, 2

(b) Show that lim, o a, = 7.

(a) Show that the equation f,(x) = 0 has a unique real zero, say a,, in
Find a one to one holomorphic mapping from the domain {z : |z + 1| >

7] for sufficiently large n.

4.
1, |2+ 2| < 2} onto {z : |z| < 1}. (10pts)

5. FEF bl A A
X (u,v) = (cosu,sinu,v) (0<u<2r, 0<v<27)
A X9z o Ao b2 FER} HEFES T
ZH Jell A K, He| 3t& 73k, HE3

Jo s L

2K, He

1

£ T3let (15pts)
Let X be a compact metric space, and Y a complete metric space. (15pts)

6.
(a) Show that amap f : X — Y is continuous if and only if f is uniformly

continuous.
(b) Let E C X be a dense subset. Show that f : E — Y is uniformly
continuous if and only if it admits a continuous extension f : X =Y

(ie. fle=1)
(¢) Find an example of a compact metric space X and a dense subset
E and a continuous function f : E — R which does not extend to a

continuous function on X.



