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1. (5 &h�) Find, up to isomorphism, all groups of order ≤ 7.
No proof is necessary.✛

✚
✘
✙

2. (5 &h�) Let A,B be n× n matrices. Prove :
(1) Tr(AB) = Tr(BA), where Tr means the trace.
(2) If A is similar to B, then Tr(A) = Tr(B).✛

✚
✘
✙

3. (5 &h�) Prove that no group of order 30 is simple.✛
✚

✘
✙

4. (5 &h�) Let R be a commutative ring with unity and p � R
be its ideal. Prove that p is a prime ideal if and only if R/p
is an integral domain.✛

✚
✘
✙
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5. (6&h�) Let Ω = {(x1, x2, x3) : x2
1+x

2
2 < 1, 0 < x3 < x1+2},

and define F (x1, x2, x3) = (x3
1, x

3
2, x3). Evaluate∫

∂Ω
F · 
n dS,

where 
n is the outward unit normal vector to ∂Ω.✛
✚

✘
✙

6. (6 &h�) Find the solution y(t) of the initial value problem

y′′ + 4y′ + 4y = et; y(0) = 1, y′(0) = 3✛
✚

✘
✙

7. (6 &h�) Compute ∮
|z|=1

ez

z
dz.✛

✚
✘
✙

8. (7&h�) Determine whether the series
∞∑

n=1

1
n2
sinnx converges

uniformly or not, and justify your answer.✛
✚

✘
✙
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9. (6 &h�) ��6£§�Ér ��"é¶_Æ ô�Ç &h� p \�¦ ³ðr�ô�Ç �̄	s���.

s� ��"é¶�Ér "é¶ S\� ���+þA���8̈� T \�¦ r�'��
�#� %3��Ér �̄	s��¦
(7£¤, ��"é¶�Ér "é¶ S_Æ T -�©�(image)s��¦), &h� p��H S\� ?/]X�
�
��H&ñ
���y��+þA �_Æô�Ç=�Gt�&h�_Æ T -�©�s���.s�M: �_Æ�� Qt�
¿º =�Gt�&h�_Æ T -�©��̀¦ �̧r�
���.✛

✚
✘
✙

10. (6 &h�) /BG���

x = cos t, y = sin t, z = t

\�"f t = 1 {9� M:_Æ /BGÒ�¦�Ér \O��������?✛
✚

✘
✙

11. (7 &h�) Show that R/�, where x�y if x − y is rational, is
not Hausdorff.
pf)✛

✚
✘
✙

12. (6&h�) Show that a continuous bijective map from a compact
space into a Hausdorff space is a homeomorphism.✛

✚
✘
✙
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13. (10 &h�) Consider the ring R = { a + b√−1 : a, b ∈ Z },
where Z is the ring of integers. Answer with brief justifica-
tion.
(1) What is the characteristic of R ?
(2) Find all units of R.
(3) Is R a principal ideal domain ?
(4) Find all prime numbers p ∈ Z which are not irreducible

elements in R.✛
✚

✘
✙

14. (10 &h�) Let G be a group and N be its normal subgroup.
Prove that G/N is abelian if and only if N contains the
commutator subgroup G′ of G.✛

✚
✘
✙
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15. (10 &h�) Given a function F : R3 → R3 defined by

F (x1, x2, x3) = (ex2 cosx1, e
x2 sinx1, 5− cosx3),

find all the points P (x1, x2, x3) where the Inverse Function
Theorem holds.✛

✚
✘
✙

16. (10 &h�) Compute

1
2πi

∮
|z|=10

zP ′(z)
P (z)

dz,

where P (z) = (z − 1)(z − 2)(z − 3)(z − 4).✛
✚

✘
✙
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17. (15&h�) LetM be a closed (isometrically) embedded surface
in R3. Assume that M is diffeomorphic to a torus.

(1) Let K denote the Gaussian curvature of M . What
is the

∫
M KdA?

(2) Is it possible that K is zero at every point of M?
Justify your answer.✛

✚
✘
✙

18. (15 &h�) Prove the followings.
(1) Prove that a metric space is normal.
(2) Let X be a normal space and C be a closed subset

of X. Show that for any neighborhood U of C,
there exits a continuous function f : X → [0, 1]
such that f(C) = 1 and f(U c) = 0, where U c is the
complement of U .

(3) In the above problem, if X is also second count-
able, then show that f can be chosen further that
f−1(1) = C.✛

✚
✘
✙


