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M.S. Course, 1995 Entrance Examination, Test I
How many distinct subgroups does the symmetric group S3 have? (5pts)
If k£ is a field, show that the polynomial ring k[z] is a PID. (5pts)
Find the Galois group of z* — 522 + 6 over Q. (5pts)

Let A be a real n x n matrix. Show that A is diagonalizable if and only
if there is a basis of R" consisting of eigen-vectors of A. (5pts)

Let f,g : (—1,1) — R be C*-functions, and suppose that f(™(0) =
g™ (0) for n = 0,1,2,.... Prove or disprove that there is some § > 0 such
that f(z) = g(z) for all z € [-4,d]. (5pts)

Let f : R — R be a Lebesgue integrable function. Define F,(z) =
Sone ., f(z—2km) on [—m, @] for n =0,1,2,.... Show that the sequence
{F, :n=1,2,...} converges in L'[—m,7]. (5pts)

Foreachn=1,2,..., let
fn(@)

Show that {f, : n = 1,2,...} converges uniformly to a function f and
that the equation f'(z) = lim,_, f/,(z) is correct if z # 0, but f'(0) #
lim,, 00 £1,(0). (5pts)

Find the general solution of the differential equation 2%y" + zy' = 4y.
(5pts)
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<e< %, 5<0< 3. (Tpts)

Find the minimum of value of the curvature on the cycloid
z=t—sint, y=1—cost, 0<t<2mw

in the zy-plane. (7pts)

Find 71 (P? x T?), where P? is the real projective plane and T2 is the
torus. Find the universal covering space of P? x T?2. (7pts)

Let X be a compact Hausdorff space. Prove that if z and y are distinct
points of X, then there is a continuous real valued function f on X such

that f(z) # f(y)-
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(a) Let g be an element of a finite group G. Show that the number of
elements in the conjugate class of g is equal to |G|/|Ca(g)|, where
C(g) is the centralizer of g. (5pts)

(b) Show that the center of a group of order p” is nontrivial, where p is
a prime and n > 0. (5pts)

. Let F be a finite field.

(a) Show that the number of elements in F is p™ for some prime p and
n > 0. (3pts)

(b) If K is a finite extension of F', show that K is a separable extension
of F. (3pts)

(c) Show that a finite field cannot be algebraically closed. (4pts)

. If f is an integrable function on R, show that

o

lim f(z)cosnzdz = 0. (10pts)

n—oo J o
. Suppose that f, is analytic in a domain D in C and f, converges to
a function uniformly on each compact subset of D. Show that f(z) is
analytic in D and also f},(z) converges uniformly to f'(z) on each compact
subset of D. (10pts)

cy2-BH Al WA F o ZHo|rt lolx, 1 FAlo] z FoERE 2 uFY
Aglol] £l 9L 2 & SYE IAAHAAL o dojx= 3w 7}&
2 FE] Y FH LS T3het (10pts)

. Let R? be a plane. Let 7 be a topology on R? generated by a basis

consisting of sets that equal R? subtracted with finitely many complete
lines. Show that (R,7) is compact but not Hausdorff. (10pts)

. Let SO(2) be the group of 2 x 2 real matrices A such that AAT is the
identity matrix and det A = 1, where AT denotes the transpose of A. Let
St={z€C:|z| =1}.

(a) Are SO(2) and S* isomorphic groups? (5pts)

(b) Are SO(2) and S! homeomorphic? (The topology of all 2 x 2 real
matrices is naturally identified with the topology of R*.) (5pts)



