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M.S Course, 2000 Entrance Examination, TEST I

. Let N be a normal subgroup of a group G. Prove that the center of N is

also a normal subgroup of G. (53)

. Let A be an n xn real matrix and V be the vector space over R spanned by

{I, A, A%, ...}, where I is the n xn identity matrix. Prove that dimgV < n.
(53)

. Let F be a field and f(z) € F[z]. Show that the ideal {f(z)) is maximal

if and only if f(z) is irreducible. (53)

. Show that every finite field has p™ elements for some prime p and a positive

integer n. (53)

. Let S = {z,}52, be asequence in R such that every subsequence of it has

a subsequence converging to the same limit € R. Show that S converges
to z. (63)

. Let h : [0,1] - R be a continuous function such that h(0) = h(1) = 0.

Define f on [1,00) by

fln+z)=

forn=1,2,---. Show that f is uniformly continuous on [1,0). (63)

. Let

F(z,y,z) = (Y cosz,eY sinz,2 — cos z).

Find the set of points (z, y, z) where the Inverse Function Theorem holds.

(64)

. Let P(z) = z* — 1. Compute
1 22P'(2)
2_71'?: |z|=2 P(Z) dz.
(74)
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Let X be a compact Hausdorff space and z; € X,i =1,2,3,... be distinct
points of X. (73)



(1) Is there a continuous function f : X — R such that f(z;) = 1,
i =1,2,3 (for three points)?
(2) Is there a continuous function f : X — R such that f(z;) = 4,

i=1,2,3,...,n,... (for infinitely many points)?

12. Define an equivalence relation on Ry = {z € R |2 > 0} by 2z ~ y if
x = 2™y for n € Z. Show that the quotient space Ry / ~ is homeomorphic
to the unit circle S*. (63)



2000 ENTRANCE EXAM FOR THE MASTER’S COURSE: TEST II

1. Prove that there is no simple group of order 48. (103)
2. Let ¢ = €™/, (10%)

(1) Prove that Q(¢)/Q is a Galois extension.
(2) Find Gal(Q(¢ + ¢1)/Q) up to isomorphism.

3. Use the Picard iteration argument to construct a solution of the differential

equation,
Wy >0
dt Y
y(0) =1.

(10%)

4. Let f be a function continuous in C and analytic in {z|Im z # 0}. Show
that f is analytic in C. (10%)
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(2)
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6. Let M, be an orientable closed surface with genus g and N, be a non-

orientable closed surface with k cross-caps. (15%)

(1) Compute m (M, — D) and 71 (N — D), where D is a small open disk

in the surfaces.

(2) Can you identify the following surfaces as M, — D or N — D?
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